Prisma Sains: Jurnal Pengkajian limu dan December 2020. Vol. 8, No. 2

Pembelajaran Matematika dan IPA IKIP Mataram p-1SSN: 2338-4530
http://ojs.ikipmataram.ac.id/index.php/prismasains/index e-1SSN: 2540-7899
e-mail: prismasains.pkpsm@gmail.com pp. 150-163

Exploration of Student Thinking Process in Proving Mathematical
Statements

*Deni Hamdani, Ketut Sarjana, Ratna Yulis Tyaningsih, Ulfa Lu’luilmaknun, J.
Junaidi

Mathematics Education Department, Faculty of Teacher Training and Education, Universitas
Mataram. JI. Majapahit No. 62, Mataram, West Nusa Tenggara 83115, Indonesia.

*Corresponding Author e-mail: deni.math@unram.ac.id
Received: November 2020; Revised: November 2020; Published: December 2020

Abstract

A mathematical statement is not a theorem until it has been carefully derived from previously proven axioms,
definitions and theorems. The proof of a theorem is a logical argument that is given deductively and is often
interpreted as a justification for statements as well as a fundamental part of the mathematical thinking process.
Studying the proof can help decide if and why our answers are logical, develop the habit of arguing, and make
investigating an integral part of any problem solving. However, not a few students have difficulty learning it. So
it is necessary to explore the student's thought process in proving a statement through questions, answer sheets,
and interviews. The ability to prove is explored through 4 (four) proof schemes, namely Scheme of Complete
Proof, Scheme of Incomplete Proof, Scheme of unrelated proof, and Scheme of Proof is immature. The results
obtained indicate that the ability to prove is influenced by understanding and the ability to see that new theorems
are built on previous definitions, properties and theorems; and how to present proof and how students engage
with proof. Suggestions in this research are to change the way proof is presented, and to change the way
students are involved in proof; improve understanding through routine proving new mathematical statements;
and developing course designs that can turn proving activities into routine activities.
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INTRODUCTION

A mathematical statement is not a theorem until it has been carefully derived from
previously proven axioms, definitions, and theorems (Bartle & Sherbert, 2011). The theorem
is a statement that has been proven based on a predetermined and accepted statement or
theorem or axiom and is a logical consequence of axioms that must be proven deductively
(Wikipedia contributors, 2020). Theorems represent the subject, the main summary of the
material, and are usually formulated after an proving-strategy has been developed, and after
innovative ideas have been elaborated in the process of ‘throwing ideas around' (Rav, 1999).
The proof and theorem are closely related. Proof from a theorem is a logical argument given
in accordance with the rules of the deductive system and is often interpreted as justifying the
truth of a theorem statement (Rav, 1999), and is a fundamental part of the mathematical
thinking process (Devlin, 2003; Hamdani et al., 2020).

In National Council of Teachers of Mathematics (2000) dan Van de Walle et al. (2012),
proof combined with reasoning becomes one of the five school mathematics process
standards which are teaching programs from Pre-Kindergarten to Grade 12. Hamdani et
al.(2020) show that the activity of proving a mathematical statement has begun to be learned
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from the elementary to the top level, so it is hoped that it can help children decide whether
and why the answer is logical, develop the habit of giving arguments, and make investigating
activities an integral part of every solving and is a process that can improve understanding of
concepts. This is in line with the aim of proof put forward by Juandi (2008) and Hernadi
(2013) is to 1) compile facts with certainty, 2) gain understanding, 3) communicate ideas to
others, 4) challenge, 5) make something be beautiful, and 6) construct a mathematical theory.
Furthermore, Weber (2003) states 7 objectives of proof, namely as 1) explanation, 2)
systemization, 3) communication, 4) discovery of new results, 5) justification of a definition,
6) developing intuition, and 7) providing autonomy.

Proof in mathematics must be based on clear statements and definitions, and valid
conclusion drawing procedures (Shadig, 2015). The ability to prove consists of the ability to
construct proof and the ability to validate proof (Selden & Selden, 2003; Anwar et al., 2018).
Constructing proof includes the ability to use methods of proof, definition axioms, lemmas,
and theorems to show the truth of a statement in mathematics. Meanwhile, validating proof
includes the ability to criticize proof related to the types of proof that often appear in
mathematics (Selden & Selden, 2003). Meanwhile, according to Anwar et al. (2018),
construct proof related to the ability to conceptualize images, find local-localized
conceptualizations (properties/conclusions related to one part of the image) and global
conceptualizations; and validating usually emphasizes the process of linking the relational
relationship between local conceptualization and global conceptualization into a series of
statements that support propositions/conclusions that will be proven into a series of logical
statements.

From these two opinions above Selden & Selden (2003), and Anwar et al. (2018) it can
be concluded that constructing proof is the ability to use some previous axioms, definitions,
theorems to show the truth of a new mathematical theorem or statement, and validating proof
is the ability to relate the relationship between previous axioms, definitions, and theorems
logically to confirm the truth of the theorem or new mathematical statements, and obtained
by verbally testing steps. The need to understand and especially write proof in mathematics
courses is very important, considering that many students say that "l can understand the
material, but sometimes | can't do the proof" (Morash, 1987). Agreeing with Morash (1987)
and Miyazaki et al.(2017) said that proof is central to mathematics, difficulties in learning
and teaching proof are well recognized internationally. From this point of view, it is not
surprising to find that there are students who have difficulty writing proof.

Regarding proving a theorem, one of the courses that requires critical thinking used in
the deductive process is the real analysis course. Real analysis is a subject that has a big role
for mathematics students who want to change difficult routine formulas, because it can
develop deductive thinking skills, analyze mathematical situations and expand ideas into new
contexts (Bartle & Sherbert, 2011), and is one of the subjects lectures in mathematics are
quite strict in enforcing the deductive-axiomatic system (Harini et al., 2014). The use of
axioms in proof is an unavoidable choice and proof becomes part of the standard material in
real analysis (Botts & Royden, 1964).

In studying real analysis, many students experience difficulties in proving the theorems
or mathematical statements contained therein. These difficulties are directly proportional to
the number of students who every year or semester return to program and follow the same
courses. This phenomenon becomes the basis for exploring the student's thought process in
proving and validating a new mathematical theorem or problem, as well as other
conceptualizations that may hinder or make it difficult for students to construct and validate
evidence.

METHOD
This research is a descriptive qualitative research that aims to explore the thinking
process of students in proving (constructing and validating proof) theorems using the
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assimilation and accommodation framework according to (Subanji, 2006; Netti et al., 2016;
Netti & Herawati, 2019). Subjects were taken by giving proof questions to 35 students. The
problem of proof in question is

Let A, B, and C are sets. Provethat A— (BUC)=(A—-B)n(4—-C)

By adopting a problem structure from (Subanji, 2006; Netti et al., 2017). Each answer
sheet for a given proof of evidence is used as the basis for compiling a proof scheme. The
proof scheme in Figure 1 below will be used as a guide or comparison for each proof answer
sheet that is carried out.

Lety € (A—B)n (A —C). Will be
Letx € A — (B U ). Will be shown TooveltaL shown that y € 4 = (B U €).
thatx e (A—B)Nn (A —C). ;
X ( ) ( ) ,WeWI”ShOWthat - Iny(A—B)n(A—C),thenyE
IfxeA—(BUC), thenx € Aand ' A-Bandy€A-C
x¢& (BUC) o y€dandy ¢ B,andy € Aand
o xeAand, x € (BUC)C yeéc
& x e Aand, x € Band x € C° ©y€&dand€ 4 andy ¢ B and
o x€eAdand, x ¢ Bandx ¢ C yec d d
o xeAdandx ¢ B,and x € Aand ©y€EAan yeBcan yeCC
X &C o y€edandy€eBandy € C
c
ox€A—Bandx€A—-C :»yeA,an(cjiye(BUC)
oxe€(A-B)NnA-0) oyed,andy ¢ (BuC)
©y€eA—-(BUC)
e D\ D\
Therefore, Therefore’
\ y, y,

Figure 1. Scheme of Complete proof

The proof provided is not sufficient to ensure that every statement in the argument is
true. However, one has to check whether there is any compelling reason to believe that each
statement follows from the previous statement (Alcock & Weber, 2005). So that in addition
to the answer data for verification questions, data is also collected through interviews and
documentation. The interview is based on the response or explanation given by the subject.
The recorded interview data will be transcribed to support the interpretation or matching of
the written data on the proof answer sheet given. Proof answer sheet data and recorded data
are considered valid if they show consistency between written data and interviews.
Otherwise, there will be reflection (accommodation) on the lack of and inappropriate
schemes.

RESULTS AND DISCUSSION

From the proof questions given to the research subject (students), it shows that 12 of
the 35 student proof answers are declared valid and the remaining 23 people are declared
invalid. This data indicates that the student's ability to construct proof is still low. The proof
answer sheet which is categorized as valid and invalid, will then be described in the following
Figure 2, with the aim of providing a concrete picture of the student's ability to prove.
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Frequentation of Proof Validity

30

20 = Valid

10 m Invalid
0

Valid Invalid

Figure 2. Data of Proof Validity

The concrete images from Fugure 2 above are then re-analyzed and grouped according
to the proof scheme. This proving scheme is an adoption of the thinking scheme developed
by (Netti et al., 2017). Unlike Netti's thinking scheme, the proof scheme in this paper is
divided into 4 (four) schemes, namely 1) complete proof scheme, 2) incomplete proof
scheme, 3) unrelated proof scheme, 4) incomplete proof scheme. The four schemes are
represented in the following Figure 3.

Frequentation of Proof Schemes

m Scheme of Complete Proof
Scheme of Incomplete Proof

m Scheme of Unrelated proof

@ Scheme of Immature Proof

Scheme of Scheme of Scheme of Scheme of

Complete Incomplete Unrelated Immature
Proof Proof proof Proof

Figure 3. Data of Proof Schemes

The proof scheme data in Figure 3 above shows the least frequency of complete proof
schemes (according to the complete proof scheme in Figure 1), and the remaining 13 proof
schemes are incomplete, 8 proof schemes are not related, and 12 proof schemes are
immature. However, the following will only explain 3 schemes, namely the proof scheme is
incomplete, unrelated, and immature. This is because the complete proof scheme is in
accordance with the proof scheme.
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Scheme of Incomplete Proof
= DiMgAl X € A-(BUC) D XEA da X4 (BUS) T T

. . - xep don kg @ don x €S

e Xeh dno xé B 2 XKe CAUB){SV_ - VAl e

A e cen o rdu don xenbnnde

A S . s

Ao deqielan A—-(Buc) £ (A-5) O (A B ' s

7& Migal 2éCA—(s) "\(AV—C) =2 &(A-8) Ian _%fg\;c)___~

Y B > 2¢A.dan 240 da 2€A dm 2€C 1

[ Davbanga xéa dan x4 (Buc) waaaxEASTROT

s Tehueh A= (BUc) =(A-8) O (A=C) . -

Figure 4. Answer Sheet for AIM subjects

Subjects with incomplete proof consisted of 10 valid and invalid proving subjects as
many as 3 subjects, and had construct arguments that were not written based on the diagram
proof scheme 1. One of them was AIM (initials). The construction of proof from the subject
of AIM is as follows.

Letz€ (A—B) n(A— C), then
z€EA—-B,andz€eA-C
©zeAandz ¢ B,andz€ A

Letx€A—(BUC),thenx € A
andx ¢ (BU ()
o x€Aand, x € (BUC)©

andz ¢ C
< x €Aand, x € B°and x € C¢ o z€eAand € A,and z ¢ B and
©x€Aand,x¢Band x ¢ C z¢C
because x € Aand x ¢ B, thenx € ©zeAdandz¢Band z ¢ C
(AuB) o z€A,and z € B¢and z € C°¢
o x€eAand x € B,and x € Aand o z€Aandz € (BU )
x¢&C '

< z€eAandz g (BUC)

©x€A—Bandxe€A—-C ozeA-(BUC)

ox€(A-B)nA-0)

v v

|

Figure 5. Scheme of Incomplete Proof from AIM subject

The answer sheet for the AIM subject (Figure 4) above is then depicted in schematic
form. An incomplete proving scheme of the AIM subject is presented with the following
schema. In constructing the proof that A— (BUC) = (A—B) n (A — C), it seems that the
AIM subject does not appear to have written some important ideas/ideas to support the
arguments he wrote, so the proof scheme is categorized as incomplete. There are 3 unwriten
construct schemes, in constructing the proofthat A— (BUC) € (A— B) n (A — C), namely
DxeAand xe (BUC), 2)x€eAand x e B°NCC and 3)x €A and (x e B°and x €
C¢), as well as 1 construct error, namely because x € A and x ¢ B, then x € (AU B).
Furthermore, in the section constructing proof (A —B) N (A—C) € A— (B U C) there are 4
unwriten construct schemes, namely 1) (z€ Aandz€ A) and (z¢ Bandz € (C),2) z€ A
and (ze B°andz € (C¢),3)zeAandzeB°nC and4)ze Aand z € (BUC). So it is
necessary to reflect (accommodation) through interviews to confirm incomplete or unwritten
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construct schemes, with the results of the reflections being transcribed in the following
conversation.
Table 1. Transcript of interview AlIM Subject

Researcher/

Subject Stimulus or response

Researcher : Based on this proving problem: Let A4, B, and C are sets. Provethat A — (B U () =
(A— B) n (A — C). Explain what your understand?
AIM . Based on definition A = B & A € B dan B € A, we will show that
=A-(BUC)SA-B)nA-0C)
=A-B)Nn(A-C)cA—-(BuUC()
Researcher  : How do you showthat -(BUC) S (A—-B)nNn(A—-C)?

AIM : Well, sir. Suppose x € A — (B U C). We will show that x € (A —B) n (A —C)

Researcher : Okay, now explain your argument to a conclusion A— (BUC) € (A—B)n
(A-0)

AIM D Yes,sirrlfxed—(BuC)=>x€edandx & (BUC)

o x€edandx €Bandx ¢ C
Because x € A and x € B, then x € (AU B)
ox€Aandx ¢ Bandx € Aandx ¢ C
Orxe(A—-B)Nn(A-C)
Sothat A—(BuC)c(A—-B)n(A4A-0C)

Researcher : Okay, now you write down the complement definition of a set.

AIM : Suppose S is the set of universes and A € S. Then A° = {x|x € Sand x ¢ A}

Researcher : So, if x ¢ (B U (), then ...

AIM : x € (B U C)¢, oh yeah-yeah. So my answer is wrong, sir.

Researcher : Now, please add ideas that have not been written, pay attention and understand the
previous properties, definitions and theorems.

AIM . Yes, sir. So, hereitisxeA—(BUC)=>x€dandx ¢ (BUC)

© x€Aandx € (BU Q)€

& x € Aand x € B¢ n C¢ (De morgan)

o xeAdand (x € B and x € C°)

o xedand(x € Bandx ¢ C)

o (x€Aandx ¢ B)and (x € Aand x ¢ C)

o (xeA—-B)and (x € A—-0C)

o xe(A-B)nA-0)

Sothat, A—(BUC) < (A—-B)n(A-C)
Researcher : Good. Your proof is correct. Now try to improve the proof construction for the

argument (A —B)N(A—-C)SA—-(BUC)
AIM © Yes, sir.

After receiving reflection (accommaodation) through interviews, finally the AIM subject
was able to show logical proof (according to the proof of diagram Figure 1). It's just that AIM
subjects have not realized they have used the idempotent trait when they will show that
(A-B)Nn(A—-C) € A— (BuUC). Furthermore, based on the results of the analysis of the
proof answer sheet and the results of interviews and documentation, it can be revealed that
theoretically, the incompleteness of the student proof scheme in constructing this proof is at
least due to the ability of students to link new information or new ideas with previous ideas,
in terms of ideas. The previous ideas cannot be used as material for building new ideas
(understanding). The material or previous ideas here can be in the form of axioms,
definitions, theorems or properties that can help in constructing a proof.

Scheme of Unrelated Proof
Subjects with unrelated proof schemes are subjects with invalid theorem construction

results, which consist of 8 subjects (Figure 3). One of them is BSH (initials). The conclusion
of the proof construction of BSH is correct, but the construct schemes used are not
interrelated. The proof construction of BSH is as follows.
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Q7A¥:K%UC)-7(A7—E](\tA-C] ’
Baudebiean =

L AA-(evec) = (A —g) a(a-c)
b} (A -8} ala-c) < A - (euUuc])
__ Pecyolesman- L
8 A-Ceuvc) € LA-8) alAa-<) : g
L ™Micalkan x & A - (@uvc) adx = el(Aa-m)a(a-c)]
X € A -(Buc) aeo > €-.a . Aon o I S
— _a=» >x-e A % € { eve)©
- = = . x €. An L&uvc)sS . =P
— x & A one"@h xepm nc<i
- W Ju— = - A e a x © A - <
| dedi. B e A - (euvc) = (a-e)ln (a -]
b) (A —e) o (A -c) & a-Ca uvc) o
Micatkan x e L[ Aa-2)ala-c)l ade « & A —-(2 vec)

< e la-2)aca-c)l =

= > &lAa

*x e A —g)das

- 8) do a x

XERT A xE£CE |

e’ L AVG—VGW)W i
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E U > a c)

e
- = (x = Aalo) » & ﬂ_-‘)r n (x> A
Nadt, - e | x & An x e AN Lx =
(a-s)ln Ca-c) csa-(evecl = ( xcala Ilxw s ux = c)
= - (txea) 0 K e ¢ guc)®
e - *® & A O ox =x Le vec)
= - x €A — Ceuc)

Figure 6. Answer Sheet for BSH subject

The answer sheet in Figure 6 above is the answer sheet from the subject with an
unrelated proof scheme, and the answer sheet above if it is described in schematic form, then

the unrelated proof scheme from BSH can be presented with the following scheme.

Suppose that x € A — (B U (). We
will proof that x € (4 —B) n
Aa-0
Ifx€A—(BUC)thenx € Aand
x¢ (BUC()

o x€Aand, x € (BUC)©

, we will show that
,and

oxeAn(BuUl)°
oxe(AnNBYUxe(AnCY)
ox€(A-B)nA-0)

v

4 N\

‘ To prove that
So that,

\ )

Suppose that x € (A —B) n
(A — C). We wil show that x €
A—(BuUC).
Ifxe(A-—B)n(A—-C),thenx €
(A—B),andx € (4-C)
ox€A-B)nxe(A-0)
oSxedAduxéB)n(xeAux
¢ C)
oxeAnxeAnN(xeBuUx
¢ C)
oxeAdAnxeBUxéCl)
o xeAd)nxeBuUl)
o xeAdnxe(BUC)
e(xeA-(BUO)

-

[ So that,

v

Figure 7. Scheme of unrelated from BSH subject

Based on Figure 7 above. An error occurred in showing the proof that A— (BuU C) S
(A—B)Nn(A—C),an error occurred in writing the argument x € An Bor x e AnC*
because there is no connected between x € AN (BU C)¢ withx € (ANB°)uUux € (AN C°),
and x e (ANB)uUuxe(AncC®) withx e (A—B)n (4 —C). This is because there is no
(BUC)¢ = B°n C° scheme. While in the construction of proof (A—B)N(A—C) S A —
(B U C), the error coccurs again in writing x € (A—B)andx € (A—C)then(x e Aux ¢
B)Nn(x€Aux¢C),resultingin(xeAnxeA)n(x&BUx¢C), and finally the error
occursat (x e A)n(x € BU x & C). These (second) errors occur because the understanding
of the difference between the two sets is still low. In contrast to the complete and incomplete
schema subject, the schema subject is not concerned with understanding idempotence. So it is
necessary to conduct interviews to reflect (accommodation) as well as confirm the unrelated
construction proofing scheme. The results of the reflections are transcribed in the following

conversation (Table 2).
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Tabel 2. Transcript of interview BSH Subject

gj;?ggfher/ Stimulus or respon
Researcher Based on this proving problem.
Suppose 4, B, and C are sets. Prove that
A—(BuUC)=(A—-B)n(A-C). Explain what you understand?
BSH Based on definition
A=B e AC BandB c A, we will prove that
=A-(BUC)SA-B)nA-0C)
=A-B)Nn(A-C)cA—-(BuUC()
Researcher . How do you show that
A-(BUC)c(A—-B)n(A-0C)?
BSH . Well, sir. Suppose x € A — (B U C). We will show that
x€(A-B)Nn(A-10)
Researcher : Okay, now elaborate and explain your argument up to
A-—(BuUuC)c(A-B)n(A-0C)
BSH : Yes,sir.IfxeA—(BuC)=>xeAandx ¢ (BUC)
sxeAn(BuUCl)S
©x€EANB UxeANCE
oxeA-B)nA-0)
Sothat A—(BuC)c(A—-B)n(A4A-0C)
Researcher : Okay, now you write down the complement definition of a set
BSH . Eeee, may | have a look at the book, sir!
Researcher : Suppose S = {1,2,3,4} dan A = {3,4}, then the element S which is not element A is ...
BSH A ={1,2}
Researcher : So, if x ¢ (B U (), then ...
BSH x€dandx € (BUC)°
Researcher : Now write down a complementary definition of a set of the known universe.
BSH . Let S be the set of universes and A € S. Then A = {x|x € S and x & A}
Researcher : Now rewrite the theorem (de morgan's law), to continue your proof.
BSH : If Aand B are sets, then (AU B) = A° N B°. So, if x € Aand x € (B U C)¢, then
©xeAandx e B°Nnx eC”
ox€eAdandx e B°Nx €Aandx € C¢
oxeAdandxg¢Bnx€eAdandx ¢ C
oxe(A-B)nA-0)
Sothat A—(BUC)S(A—B)n(A-10C)
Researcher : Good. Now, please improve the proof construction from(A—B)N(A—C) S A —
(B u C), with due regard to the previous properties, definitions and theorems.
BSH . Yes, sir. Suppose x € (A — B) n (A — C). It will be shown that x € A — (B U C)
fxe(A—-B)n(A—-C)=>x€e(A—B)andx e (4—-C)
o (x€Adandx ¢ B)and (x € Aand x & C)
o (x€edandx€Ad)and (x ¢ Bandx & C)
o x€eAdand (x € B and x € C°)
& x€eAandx € BN CC
o x€edandx € (BUC)S
o xedandx ¢ (BUC)
o xeAd—-(Bul)
Sothat A—B)N(A—C)SA—(BUC)
Researcher : Right. Now match your current answer with your previous answer.
BSH . It turns out that the definition of difference, slice, and de morgan's law are the keys to

this proof, sir.

After reflection, BSH realizes that understanding the previous axioms, definitions and
theorems greatly influences the ability to construct proof. Based on the results of the analysis
of the answer sheets and interview results as well as documentation from the subject of proof
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are not related, theoretically when the BSH subject will construct proof, the new structure of
proof (understanding) is not in accordance with the existing schema structure, resulting in
dis-equilibrium (imbalance) in the mind that causes a strong attempt on the subject to change
the structure of the proof in the interview activity, so that the structure of the proof that he has
just faced can be linked (assimilated), so that then equilibrium occurs (balance).

Scheme of Immature Proof

Subjects with immature proof schemes are subjects with invalid theorem construction
results and are not based on an understanding of previous (illogical) axioms, definitions, and
theorems. The subjects of the immature proof scheme were 12 students. One of them is LZP
(initials). The proof construction of the LZP is as follows.

Mrent ko A -(eucd = (A-B) H(A-cD - —y
- Adae (D) A - (euc) < (C» —5)/7(,; —<) A kx|
_ & (Awmd>n(AsLr-c) c 4 -—Crvoed A
vl ey T £re = == e
Bz < c C & -5 O e —< ) - ESal
- Ay é::' ?T:é A (BUCD adie << (a 2> A x e (A-cD ]
- o e A - (audd {* eChr-8d>N Rfe;gﬂ 7>
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Flgure 8. Answer Sheet of LZP subject

Figure 8 above is the answer sheet of the immature evidence subject. If the above
answer sheet is redrawn in the form of a proof scheme, then the proof scheme unrelated to

LZP can be presented with the following scheme.

Suppose thatx € 4 — (B U C). We
will be show that x € (A — B) n
(A-0)
IfxeA—(BuUC), thenx e
(A-B)nxe(A-0C)
ox€e(A-B)andx e (A—0C)
oxeA-(BUC)

To prove that

, we will show that
,and

oxe(A-B)uxe(A-0)
oxeA-CBUO)

v

@ D
Therefore,

\ J

4[ Therefore,

Figure 9. Scheme of Immature Proof from LZW subject

Suppose that x € (A —B) n
(A — C). We will be show that
x€A—-(BUC)
Ifxe(A—-B)n(4A-C),then
xe€A—(BUC(C)

& x €A —(BatauC)
ox€e(A—B)ataux € (A—0C)
sxeA—-(Bn C)

o x€(A—B)danx e (A—C)
ox€e€(A-B)nxe(A-0C)
oxeA-(BuUul)

v
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Based on the schematic Figure 9 above, an error occurs at every step of the construction
of proof, this is due to 1) weak understanding due to not understanding the integration of real
analysis courses with other or previous courses, 2) understanding of logic still has to be
improved (if ... then ... ), 3) understanding of the axioms, definitions and theorems that have
been proven beforehand, so it is not possible to see that the new theorems are built on
previous axioms, definitions and theorems. So that these weaknesses need to be corrected and
arranged through interviews with the aim of reflection (accommodation) on the
understanding of the ability to construct proof based on previous axioms, definitions, and
theorems. The results of the reflections are transcribed in the following conversation (Table
3).

Table 3. Transcript of interview LZP Subject

gjg?g?he” Stimulus or respon
Researcher Based on this proving problem. Suppose A, B, and C are sets. Prove that:
A—(BuC)=(A—-B)n(A-C). Explain what your understand?
LzP We will show that
=A-(BUC)S(A-B)n(A-10)
=A-B)Nn(A-C)cA-(BuUC(C)
Researcher : What underlies you want to show:
=A—-(BUC)S(A-B)n(A-10)
=A-B)Nn(A-C)cA-(BuUC()
Toproofthat A— (BUC)=(A—B)Nn(A-C)
LZP . Where did you come from, sir? Is there any basis for us to do proof like this proof
problem?
Researcher : Try to understand every definition in the books and teaching materials that we use in
real analysis courses.
LzP . Yes, sir. Definition “Suppose A = Bifandonly if A € Band B € A”
Researcher : Good. Now, how do you show that - (BUC) S (A—B)Nn(4A—-C)?
LZP : Well, sir. Suppose x € A — (B U C). We will show that x € (A —B) n (4 — ()
Researcher : Okay, now lay out your argument.
LZP cfxed—(Bul),then(A—-B)n(4-0C)
Researcher : Please waiting for a minute, try to write down the definition of the difference between
two sets.
LZP : Will, sir. “A — B = {x|x € Adan x ¢ B}’
Researcher : Right, Soifx € A— (B UC) then ...
LZP : While writing, ifxe A—(BuC)thenx € Aand x ¢ (BU C)
Researcher : Now continue
LZP cIfxed—(Bul),thenxedandx ¢ (BUC)
While opening the sheets of books and teaching materials and asking whether this
argument has anything to do with the definition of complement set sir?
Researcher : Good,
LZP : So,ifxeddanx ¢ (BUC),thenx e Aandx € (BU C)°
Peneliti . Before continuing with this evidence construction process (pointing), what did you
catch from each of the definitions used?
LzZP . Definitions can support every step of the evidence construction argument we pack.
Researcher : Well now get back to continue the proof construction done.
LZP cIfxedandx e (BuC),thenx € Aandx € (BU C)¢

& x€eAandx € BN CC

While opening the book and teaching materials (the complement definition “Suppose
S is universal set and A € S. Then A¢ = {x|x € S and x ¢ A}”), and get back to
writing:

o x€Aand (x € Band x € C°)

© (xeAandx € B)and (x € Aand x € C°)

& (xedandx ¢ B)and (x e Aand x ¢ C)

o x€(A—B)danx e (4A-C)
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Researcher / Stimulus or respon
Subjek
o xe€(A-B)n(A4-0)
Sothat A—(BUC)<S (A—-B)n(4A-0C)
Researcher : Good. Try it now, improve the proof construction from (A —B)N(A—C) € A —
(B U C), with due regard to the previous properties, definitions and theorems.

LZP . Yes, sir. But may | go back to looking at the books, to ensure the correctness of my
evidence construction (it seems that the LZP lacks confidence in the understanding it
just got).

Researcher . Good. But dependence (book stimulus) must be reduced.

LZP : Yes, sir. So this is it, sir

Suppose that x € (A — B) N (A — C). We will be shown that x € A — (B U C)

fxe(A—-B)Nn(A—-C)=>x€(A—B)andx e (4A-C)

o (x€Aandx ¢ B)and (x € Aand x & C)

(xeAandxe€eAd)and (x € Bandx ¢ C)

x €A and (x € B and x € C°)

x€Aandx € B°nC*

x€Aandx € (BUC)

x€Aandx ¢ (BuUC(C)

x€A—-(BUC)
Sothat (A—B)Nn(A—-C)cA—-(BUC()

Researcher : Good. With the help of books, your proof is correct. Now how do you feel after being
able to correct your mistakes?

LZP : Thank God, happy sir. Understanding of the previous axioms, definitions, de
Morgan's laws, and theorems is very helpful when trying to construct a new theorem.

tgg00e

Based on the results of the analysis of the answer sheets that are categorized into
immature schemes, and the results of interviews or reflections on the answer sheets given.
Finally, the LZP subject realizes that understanding the previous axioms, definitions,
properties, and theorems greatly affects the ability to construct proof. Realizing here is more
about the ability to see that the previous definitions, properties and theorems are part of a
unified whole.

According to Piaget, if someone wants to construct new knowledge/information, it
means that he wants to link the new information into the schema in his mind, and has two
possibilities, namely (1) first, if the new information structure is in accordance with the
existing structure in the scheme. So that the information can be linked into and integrated into
the scheme, a construction process called assimilation occurs, and (2) second, if the new
information structure does not match the schematic structure, there will be a dis-equilibrium
(imbalance) in the mind which causes a strong urge in the person to change the structure of
the schema so that the new information can be linked (assimilated), then equilibrium occurs
again, so this second process is called accommodation (Sutawidjaja & Afgani, 2015;Netti et
al., 2017; Subanji, 2006; Subanji & Supratman, 2015). Between structure and schema,
according to Subanji (2006) our cognitive structure is a schemata, which is a collection of
schemas (structures). Individuals can remember, understand, and respond to stimuli due to
the working of these schemes.

The results of the analysis of the answer sheets and interviews based on the responses
of the student answer sheets, it can be seen that what causes the lack of ability to construct
student proof is the student's understanding of the structure of the proof itself. The proof
structure here is knowledge of previous definitions, properties and theorems. Previous
definitions, properties, and theorems can basically be used as materials for constructing or
constructing new theorems or mathematical statements. Between understanding the proof and
construction of proof, must be coherent. Because it will be a problem if you focus too much
on proof construction rather than understanding the proof (Hodds et al., 2014). Furthermore
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Hodds et al. (2014) said that understanding arguments which are mathematical evidence can
prevent students from giving examples and choosing to give deductive arguments.

Understanding concepts and understanding arguments (mathematical proof) are not the
same thing. Understanding mathematical concepts can be characterized by
providing/distinguishing which ones are examples or not. Meanwhile, understanding proof is
giving arguments from one or more premises to a conclusion that can convince others.
Increasing understanding of the evidence for most teachers is not easy, but that doesn't mean
it can't (Hodds et al., (2014). The ways to increase understanding of proof according to are a)
changing the presentation of proof and (b) changing the way students engage with proof; and
self-explanation training, and generic proof from (Lew et al., 2020).

With the understanding possessed by students such as an understanding of the
definitions, properties, and theorems that have been proven before, it can be new material to
build or construct a proof of new mathematical theorems or statements. Thus in constructing
proof students can link several other proof structures and develop a more mature proof
scheme. This is in accordance with the opinion Rav (1999) which says that the need to
understand especially writing proof is very important, because studying proof is learning new
ideas, new concepts, new strategies that can be assimilated into further development research.
The entire arsenal of mathematical methodologies, concepts, strategies and techniques for
solving problems, forming interconnections, and all mathematical knowledge is embedded in
proof.

CONCLUSION

The ability to prove can be divided into two, namely the ability to construct and
validate proof. Then the student's ability to prove a given mathematical statement is explored
through 4 (four) forms of proof schemes, namely 1) a complete proof scheme consisting of 2
subjects; 2) the proof scheme is incomplete, consisting of 13 subjects; 3) the proof scheme is
unrelated, consisting of 8 subjects; and 4) immature proof scheme, consisting of 12 subjects.
Exploration of students' proving abilities is influenced by: 1) understanding and the ability to
see that new theorems are built on previous definitions, properties and theorems, and 2) how
to present a proof and how students engage with a proof. Suggestions in this study are 1)
changing the way of presenting proof, and changing how students are involved in a proof, 2)
increasing understanding through proving routine mathematical theorems or statements, and
3) developing lecture designs that can turn proving activities into activities routine, not non-
routine.

RECOMMENDATION

First, this research is still limited to simple mathematical problems / statements, so it is
necessary to study more complex problems / statements in order to find different schemes of
proof. Second, it is necessary to study how to improve student understanding based on
developing theories.
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